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On Solving Fuzzy Mathematical Relationships* 
RONALD R. YAGER 
Iona College, New Rochelle, New York 10801 
The question of solving mathematical relationships involving fuzzy relations 
and numbers is investigated. First we look at ordinary mathematical relation- 
ship. Then we investigate fuzzy relations. We then look at fuzzy quadratic 
equations. Finally, we study the situation where we have fuzzy numbers. 
I. INTRODUCTION 
An important application of fuzzy sets, is its ability to help formalize the 
linguistic and imprecise models which we use in our ordinary though t processes. 
A particular class of imprecise concepts are those used in forming statements 
of the type "R is approx equal to 2X  + 3." These are formally called fuzzy 
relationships. That is, if we have two terms which are related by an imprecise 
type of eomparator we call these fuzzy relationships or fuzzy equations. 
Fuzzy comparators are used by people in specifying the types of relationships 
which they perceive as existing in the world. In this paper we shall be interested 
in solving fuzzy relationships which involve both fuzzy and nonfuzzy terms. 
First we look at the solving of ordinary mathematical relationships in a different 
way which is easily extendable to fuzzy relationships. We then look at fuzzy 
equations which involve only fuzziness in the relationship and not in the terms 
related. We next study fuzzy power functions and then use them to solve fuzzy 
quadratic relationships. We next discuss equational truth modification and 
finally we investigate fuzzy equations involving fuzziness in the terms related. 
I I .  SOLVING MATHEMATICAL RELATIONS 
In this section we present the basic ideas of classical mathematical relationships 
(equality, less or greater than) and the solution to equations and inequalities 
in a manner which leads naturally to an extension of these ideas to fuzzy 
equations. 
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DEFINITION 1. Assume X and Y are two sets. A relation B from X to Y 
is a subset of X x Y. We write x B y and say that x is B related to y, whenever 
(x, y) ~ B. 
DEFINITION 2. A mathematical term is a collection of elements from R 
(the set of reals) combined via the operations addition, subtraction, multipli- 
cation, and division to form another number of R. 
It is to be noted that a mathematical term can include symbols which stand 
for yet undefined members of R. Examples of mathematical terms are 
3 + (2)(7), 
x~ + 3 +2y,  
5x 2 • ~Ty2. 
DEFINITION 3. We shall say a mathematical term is complete if involves no 
undefined symbols and call it incomplete if involves undefined symbols. 
EXAMPLE 
X + 3 incomplete, 
3 + sin 2 complete, 
X 1 @ Y incomplete. 
If we have a complete mathematical term we can evaluate it to give us a 
number R. 
DEFINITION 4. A mathematical relationship, B, is a relationship from R 
to R. If al and a 2 ~ R, then we write a 1 B a 2 whenever (a 1 , a2) e B. 
Thus a mathematical relationship is a special relationship on ordered pairs 
of RxR.  
Let us consider some common examples of mathematical relationships. 
(1) Equality relationship (E) 
E = {x, x)/for all x E R}. 
(2) Unequality (UE) 
UE -~ {(x, y)/for all x, y e R and y =/= x}. 
(3) Less than (LT )  
LT  = {(x,y)/ for all x e R, and a l ly  e R to the left of x on the number scale}. 
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(4) Greater than (GT) 
GT = {(x, y)/for all x ~ R and all y ~ R to right of x on the number scale}. 
(5) Less than or equal(LTE) 
LTE = E k) LT. 
(6) Greater than or equal (GTE) 
GTE ~ E u GT. 
Since any two mathematical terms, f l ,  andf2,  have evaluations in R we may 
be interested in determining if, for a given mathematical relationship B, fl B f2. 
The ability to do this depends upon whetherf~ andfe are complete terms or not. 
I f f l  and f2 are both complete terms then they each can be evaluated giving 
a particular value in R. Assume f l  = al and fz = a 2 where a 1 ~ R and a 2 ~ R. 
To determine whether fa is B related to f2 we simply determine if (a 1 , a2) ~ B. 
Thus if (a I , a2) s B then fl B f2. 
However if either fa or f2 is incomplete we cannot evaluate whether fl is B 
related to fz .  This is because we cannot find values a 1 , a 2 E R to test. 
In the case where at least one of the terms f l  or f2 is incomplete a different 
problem can be stated. That problem becomes, for what values of the unspecified 
terms in fa and f~ is fl Bf2.  It should be noted that by definition the fact that 
either f l  or f2 is incomplete implies there exist some unspecified terms. 
DEFINITION 5. Assume either fl or f2 are incomplete mathematical terms. 
Let B be a mathematical relation. The problem of finding out what values of 
the unknowns make fl B f2 shall be called "solving the equation (or relationship) 
f~Bf2."  
EXAMPLE. I f  f l  = x + 3 and fz = 7 then the problem of solving the 
equation (x + 3) equals 7 is that of finding the values of x that make 
(x + 3) E 7. 
We propose some definitions which are useful in the problem of finding 
solutions to relationships. 
DEFINITION 6. Assume B is a mathematical relationship, B C R x R, and 
let a e R. Then we define the following operations on B, 
B -1- a = {(x @ a, y + a)} for all (x, y) e B, 
aB = ((ax, ay)} for all (x, y) e B. 
We note that B + a and aB are relationships themselves. Furthermore, we can 
define certain properties of mathematical relationships. 
64314r/I-3 
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DEFINITION 7. With B C R x R and a ~ R 
(!) We call B symmetric if (x, y) E B ~ (y, x) ~ B. 
(2) We call B additive indifferent under a if B + a ---- B. 
(3) We call B multiplicative indifferent under a if B = aB. 
Using these definitions let us see how our common relationships are effected 
by various operations. 
TItEO~,EM 1. E, UE, GT, LT,  LTE  and GTE are additive indifferent for all 
finite a ~ R. We shall call this additive indifferent. 
Proof. For all these if (x, y) E B then (x + a, y + a) ~ B 
THrOm~M 2. Assume B is any nonempty mathematical relationship, then 
0B = ((0, 0)}. 
THEOREM 3. E and UE are multiplicative indifferent for all finite nonzero a. 
Proof. (x, x) ~ E then (ax, ax) ~ aE for a @ 0. However, for any number a 
there exists a z ~ R, s.t. ax = z and therfore E = aE. 
Trmom~M 4. GT, LT,  LTE  and GTE are multiplicative indifferent for all 
finite positive a. 
Proof. We shall show just for GT. I f  (x, y )~ GT, then (ax, ay)~ aGT, 
furthermore ax ~ R. I f  x > y then ax > ay therefore (ax, ay) ~ GT. 
THEOREM 5. I f  a is finite negative then 
(1) aGT = LT,  
(2) aLT ----- GT, 
(3) aGTE ---- LTE,  
(4) aLTE = GTE. 
Proof. We will again just prove it for aGT = LT.  Assume (x, y)~ GT, 
then (ax, ay) c aGT and ax ~ R. It  is known that if x is to the right o fy  on the 
number scale then ax is to the left of ay on the number scale. 
We shall now prove a theorem which will be useful in solving equations. 
Tm~om~M 6. Assume f l  and f2 are mathematical terms, B is a mathematical 
relationship and a ~ R. 
I f  A B A then 
(1) (A + a)(B + a)(L + a), 
(2) (afx)(aB)(af~). 
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Proof. (I) I f  f iB  f2 then (fl , f2 )~B.  From the definition of (B + a) 
we can conclude (f~ + a, f2 + a) ~ (B + a) => (fl + a)(B + a)(f2 + a). 
(2) I rA  Bf~ then (f~ ,f2) ~ B. From the definition of aB we can conclude 
(afl , af2 ) ~ aB ~ (afl)(aB)(af2). 
This theorem is important in that it forms the foundation of the technique 
used for solving relationships in which we have unknowns. For if either f l  or 
f2 are incomplete, that is, have some unknown symbol, the problem of solving 
a relationship is to find what values of the unknowns make it true. This theorem 
helps in pursuing this goal. 
EXAMPLE. I f  we have 
f l  = 2 x +3,  
f2=7,  
and we ask for what values of x is 
A B f2. 
I f  we assume that x is such that 
f l  Bf~ then (2x + 3) B 7 
Using the above theorem, Eq. (1) implies that 
and that 
(1) 
2x(B -- 3) 4 
(B  - -  3) 
x 2 
2 
The solution to (1) are all the values of x s.t. (x, 2) ~ (B - -  3)/2. (B - -  3)/2 
is that subset of R x R obtained from B by modifying it according to the previous 
Yules. 
In our example if B = E, equality, we get 
(2x + 3) E 7 ~ (2x)(E - -  3) 4 ~ 2x E 4; 
we note that (E --  3) = E because E is additive indifferent. Continuing, 
2xE4~x22~xE2~ (x, 2 )~E~x=2.  
We note that El2 = E because E is also multiplieative indifferent. Additive 
and multiplicative indifference are very useful properties for any relationship 
to have. 
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THEOREM 7. I f  T is additive indifferent and x is any finite number than by 
definition (T + x) = T and therefore if f 1 T F2 then (fl + x) T (L  + x). 
Proof. fa R f2 ~ (A @ x)(T + x)(f~ + x) ~ (A + x) T ( f  2 + x). 
The property of additive indifference is useful in solving equations of the 
type (2x + 4) T (x + 6). Because to solve we proceed as follows: 
(x)(T -- x -- 4) 2. 
Unless T is additive indifferent we have a very complex form for T - -x  --  4 
involving unknown x. However, since T is additive indifferent we get 
T -  x --  4 = T so then (x)(T)(2), and therefore x is equal to all the x's s.t. 
(x, 2) e T. 
Similarly, multiplicative indifference enables us to multiply across by x 
without complicating the T. 
THEOREM 8. I f  T is multiplicative indifferent and x is any nonzero finite 
number then by definition xT  = T and therefore 
(fl Tf~) ~ (xfl) r(xf2) for x # o. 
I f  f l  and f2 are linear terms in one variable, x, and we have 
ABf~,  
the procedure for solution consists of adding and multiplying across the equation 
until we get x B' n, where n is a number and B'  is some modification of B 
involving only numbers. Then the solution consists of the set of all the x's s.t. 
(x, n) ~ B'. 
Assuming we have an equation involving two symbols we would then find all 
the values of the two-tuples (x, y) which would solve fl(x, y)Bf2(x,  y). This 
could be done by using the mathematical operations we defined previously. 
That is, if we have 
then we get 
letting B' = B --  3 we have 
(2y + 5) B (x + 3) 
(2y + 2)(B -- 3)(x), 
(2y + 2) B'  x. 
I f  B' is not additive indifferent hen we would select a value of y, evaluate 
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2y q- 2 = N, giving N B' x and then for all values of x s.t. (N, x) E B' we have 
solutions (y, x). We proceed for all y. If B is additive indifferent hen we ear~ 
proceed as follows: 
(2yq-5)  B(x f f -3 )  ~2B ' (x - -2y) .  Letting q=x- -2y ,  we get 2Bq,  
then find all the q's s.t. (2, q) e B and call this set Q. Then the solution would be 
the set of all pairs (x, y) s.t. 
x - -2y  =q for eachqEQ. 
Assume we have simultaneous equations, that is we want all the (w, y) such that 
the following relationships are true 
f~(x, y) (B~) f~(x, y), (2) 
g~(~, y) (B~) g~(x, y). (3) 
If we solve each equation individually and let A be the set of solutions to Eq. (2) 
and B be the set of solutions to Eq. (3), 
C~-Ac~B 
is the set that solves (2) and (3). 
I I I .  Fuzzy EQUALITY 
One of the uses of mathematical relationships i to represent the connections 
between two mathematical terms which may represent certain physical pheno- 
menon. However, when we use mathematical equations to represent connections 
in systems, we sometimes find ourselves limited in using only subsets of R a 
to describe the relationship between two terms. For example, if we say f l  is 
close to f2. This is a relationship between fl  and f2- If we try representing 
"close to" by a subset of R ~ we are faced with a problem in trying to define 
"is close to." This problem is due to the fact that there is a "sharp" cutoff 
between a subset A C R 2 and its negation, not A. For example, we may have 
(2,3) ~ A and (2, 3.1)~ A. This goes against our intuitive idea of being close, 
in that if 2 and 3 are close then 2 and 3.1, though not quite as close, are still 
close. To remedy this type of limitation with sets Zadeh (1965) introduced 
the concept of a fuzzy subset. Zadeh (1971) is particularly interested in fuzzy 
relationships. Therefore, to represent the complex and imprecise relationships 
which people try to convey linguistically by using such terms as close to, almost 
equal, approximately, greater than, etc., we need to turn to fuzzy subsets and 
fuzzy relationships. 
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DEFINITION 1. Assume X is a set, a fuzzy subset of X, A, is a mapping 
A: X -+ [0, 1], 
where A(x) indicates the degree to which x satisfies the condition of being in A. 
DEFINITION 2. I f  X = R, the set of real numbers, then we call these fuzzy 
subsets of R fuzzy numbers. 
DEFINITION 3. Assume X and Y are two sets. A mapping of A 
A:Xe  Y -+ [0, 1] 
is called a fuzzy relationship. I f  (x, y)~ Xx  Y and A(x,y) = a, one says that 
a is the degree to which (x, y) belongs to A. If  X = R and Y = R, then we say 
A is a fuzzy mathematical relationship. 
I f  we pursue the linguistic approach (Zadeh, 1976), we can define a linguistic 
variable called "equal" in terms of fuzzy subsets of R 2. That is, equal is a 
variable which can take on linguistic values such as approximately equal, 
almost equal, dose to, exactly equal, greater than, much greater than, etc. 
We define these values as fuzzy subsets of R =. In pursuing the problem of 
modding systems we can use these subsets to represent their linguistic 
equivalents. 
I f  f l  andf~ are two mathematical terms and A is a fuzzy subset of R 2, then if 
f l  andf2 are complete A( fa , f2) represents the degree to which ( f l ,  fz) satisfy A. 
That is A(flf2) is truth of the statement f l A f2. Thus if we have a proposed 
model which states f l  A f~ then we can use data to verify the truth of this 
(Yager, 1978). 
Assume on the other hand that either f l  or f2 are incomplete terms, that is, 
there exist some unknowns. Assume we have a relationship between f l  and f2, 
f l  A f2, where A is a fuzzy relationship. The problem of solving a fuzzy equation 
involves finding which values of the unknowns satisfy the equation. As we shall 
see, the solution is not a set of numbers. It  is a fuzzy number, a fuzzy subset 
of R. That is, each solution will have associated with it a degree to which it 
satisfies the equation. We shall use the framework of the previous section to 
develop a procedure for solving fuzzy equations. 
DEFINITION 4. Assume A: R 2 --* [0, 1]. We call this fuzzy subset of R = 
a fuzzy mathematical relationship. Where A(x, y) indicates the degree to which 
(x, y) satisfies A. 
Furthermore if x, y e R and {A(x, y)/(x, y)} e A we say that x A y to degree 
A(x, y). 
DEFINITION 5. I f  f l  andfz are mathematical terms and A a fuzzy relationship 
then fl A fa is called a fuzzy equation. 
SOLVING FUZZY MATH RELATIONSHIPS 37 
We shall extend some of the operations defined in the previous section to 
fuzzy mathematical relathionships. 
DEFINITION 6. Assume A is a fuzzy mathematical relationship, A is a fuzzy 
subset of R 2, and let a ~ R. Then guided by the extension principle (Zadeh, 
1977) we define two new fuzzy subsets of R x R, A 4- a and aA. 
(1) A 4- a = {A(x, y)/(x + a, y 4- a)} for all (x, y) ~ R ~, that is, 
A4-a :RxR- -+[0 ,1]  s.t. (M 4- a)(u, v) = M(u --  a, v --  a). 
(2) aA = {A(x, y)/ax, ay)} for all (x, y) ~ R ~, that is, 
aM: R x R -+ [0, 1] s.t. aM(,,  v) = M(u/a, v/a). 
Thus, if (x, y) belongs to A with grade of membership, A(x, y), then (x + a, 
y 4- a) belongs to A 4- a with grade of membership A(x, y) and (ax, ay) belongs 
to aA with grade of membership A(x, y). 
We now present a theorem, similar to Theorem 6 in the first section. This 
theorem will form the basic foundation for solving fuzzy mathematical equations. 
THEOREM 7. Assume f l  and f2 are two mathematical terms. Assume A is a 
fuzzy mathematical relationship and let a ~ R. I f  f l  M fz , then 
(1) (f~ + a)(M + a)(f2 + a), 
(2) (afa)(aM)(af,), 
where f l  4- a, f~ 4- a, afl , and af2 are contained in R and (M 4- a) and aM are 
fuzzy relatzonshzps in R x R. 
Proof. fl A f~ implies that f l  and f2 have values s.t. A( f  1 ,f2)/(fl , L )cA  
since M + a = {A(x,y)/(x 4- a, u 4- a)} for all x ,y~R then (fl 4- a, f2 4- a) 
belongs to M + a with membership grade A( f  1 ,f2). Similarly, for aM. 
The implication of this theorem is that if we know the grade of membership 
of ( f l ,  f~) in A then we can also obtain the grade of membership of (fl 4- aa, 
fz 4- a) in A 4- a and (aft, af2 ) in A. 
COROLLARY. I f  f l  A f2 is true then 
(1) (fl + a)(A + a)(f2 + a) zs true for all a E R. 
(2) afl(aM ) af2 zs true for all a 6 R. 
We can now use this result o develop amethodology tosolve fuzzy equations. 
Assume f l  and f~ are two mathematical terms representing some physical 
phenomenon. Let M be a fuzzy mathematical relationship, for example, almost 
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equal. Let us assume that f l  almost equals f2 • We can express almost equals as 
a fuzzy subset of R 2, denoted A. Then fl andf~ are related by 
f l  A f2 that is, A( f l ,  f2) ~ A. 
' ( f l  , f2)  
EXAMPLE. I f  f l  = 2X + 3 and f2 = 7, then we may ask what values of 
x make fl Af t .  I f x  makesf lA f2  then, 
(2x + 3) (A) 7 ~ (2x) (A - -  3) (4) 
(A - 3) 
~x 2 
2 
(from Theorem 7) 
(from Theorem 7). 
Let us denote the fuzzy subset B as 
A - -7  
B= 
2 
The above implies 
A(y, z) / (  y -- 3 z -- 3 
2 ' 2 
~B. 
Since x[(A -- 3)/2] 2 then x B 2. 
Then if B(u, v) is the membership function of B, B(x, 2) indicates the degree 
to which each x ~ R solves the equation (2x q-3)  A 7. I f  almost equal = 
{e-l°Iz-uf/(y, z)} = A, a fuzzy subset of R x R, then 
{e_lOl~_vl/( y -- 3 z -- 3 )} B A- -3  
2 ' 2 2 
If  we let 
then 
therefore 
Since 
z - -3  v = y - -  3 and u -- - -  
2 2 
2v+3 =y and 2u+3 =z ,  
{e- lo,~-2</(u,  ~)} _- B.  
x B 2 then e-2°1~-21 
indicates the degree to which each x satisfies the original equation. As a matter 
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of fact, the fuzzy subset of R, defined {e-2°l*-2i/x} is a fuzzy number, which can 
be said to be close to 2. 
In the context of solving problems there are certain properties which are 
are useful for A to have. We shall investigate these. 
DEFINITION 7. Assume A: R 2 --+ [0, 1], is a fuzzy subset of R 2 and 
A(x, y) = a, a ~ [0, 1]. 
(1) A is said to be symmetric if
A(x, y) = A( y, x). 
(2) A is additive indifferent under b if A -{- b = A. 
(3) A is multiplicative indifferent under b if bA = A. 
We call A additive indifferent if A is additive indifferent under all b. Similarly 
for multiplication. 
A benefit of additive indifference arises in cases when the unknown appears 
in both functions. For example, if 
then 
(3x _ 2) A (4x) 
(2)(A --  3x)(x) 
and if A is additive indifferent hen (2)(A)(x). 
However, i fA is not additive indifferent hen A --  3x depends upon the value 
of  X. 
EXAMPLE. Let A(u,v)  ="dose , "  and A(u,v)-~-e-(1/b~)(u-v)2, where 
b 2 = min[u ~, v2]. Note that if u = v, then A(u, v) = 1, however, if u =/= v, 
then the concept of close depends upon the smaller of the two numbers. This 
allows us to say, for example, that 2,000,010 and 2,000,000 are v ry close while 
10 and 0 are not as close. 
Using the preceding definition of A let us solve (3x q- 2) A (4x). Transforming 
we get (2 ) (A -  3x)(x). Letting A '= A-  3x we get A '= {e-(*/~(~-v?/ 
(u - -3x ,  v - -3x)} . I fwe le tu - -3x=candv- -3x=dthen  
A'(c, d) = e-(1/K~)(~-a)2' 
where K ~ = min[(c + 3x) 2, (d + 3x)=]. Since we have 2 A'  x, to solve for the 
solutions of x, we let 
c = 2, d = x, and K S = min[(2 ~- 3x) 2, (4x)Z], 
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then A'(z, x) = e-(1/xb(2-~?. I f  we let f (x)  = A'(2, x) then our solution is a 
fuzzy number, S = {f(x)/x}, x ~ R, where f (x)  is the degree to which a value 
x satisfies the equation. It  can be shown that 
and 
Therefore 
K s = (4x) 2, ~ ~< x ~< 2, 
K S = (2 -k 3x) -2, elsewhere in R. 
f (x)  = e-(1/(4~)2)(2-~)~, ~ <~ x <~ 2, 
f (x)  = e-(1/t~+~x)2)(~-~)~, elsewhere in R, 
is the membership function of S, the solution of the fuzzy equation, 
(3x+2)  "close to" 4. 
This solution is as one would expect, some fuzzy number of the form, "close to 
2. ~, 
THEOREM 8. A fuzzy mathematical relationship is additive indifferent iff 
A(x, y) = A(! x -y  I). 
Proof. From the definition of additive indifference. 
THEOREM 9. A fuzzy mathematical relationship is multiplicative indifferent 
for all a :/: O, iff A(x, y) = A((x/y)n), where n is a real integer (see Aczil (1969)). 
I f  we have a fuzzy mathamatieal equation involving two symbols 
fl(x, y) A f2(x, y) 
we could "solve" this equation by finding to what degree pairs of symbols 
satisfy this equation. For example, if we have 
(2y + 5) (A) (x + 2) 
then using Theorem 7 we get 
(2y + 3) (A') (x), 
where A'  = A --  2. Then for each value of (x, y) we would calculate the degree 
to which (2y + 3) and x satisfy A and this gives us the degree to which a pair 
(x, y) satisfies the solution. That is, for any (x, y), A'(n, x), where n = 2y + 3, 
indicates the degree to which a pair satisfies the equation. This is a fuzzy subset 
of R. 
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I f  we have simultaneous fuzzy equations 
fl(x, y) A 1 f~(x, y) and f3(x, y) A~ f4(x, y), 
then if we solve each equation individually to obtain fuzzy subsets of R 2, C 1 
and C2, respectively, then 
D=C1NC 2 
is the simultaneous solution where D(x, y) = min[C~(x, y), C2(x ,y)] for fuzzy 
intersection. 
IV. Fuzzy  POWER FUNCTIONS 
Let us recall our definition of a fuzzy number. 
DEFINITION I. A fuzzy number A, is af uzzy subset over the set R of real 
numbers. 
A:R---> [0, 1]. 
Let us define the support of a fuzzy number. 
DEFINITION 2. The support of a fuzzy number is the crisp subset of R 
consisting of those elements in R for which A(x) > O. 
DEFINITION 3. A fuzzy number A is said to be nonnegative if the support, 
S of _d is contained in the set of nonnegative reals, R0+. 
Assume b is a nonnegative number and c c R, then ] b c I is a well-defined 
mathematical function, called b to the c power. 
Assume that B is a nonnegative fuzzy number and c ~ R. Then guided by 
the extension principle we can define ] BCl. 
Let B = {B(x)/x} be a fuzzy subset of Ro+ , x ~ R0 +, then ] B e I -~ {B(x)/] x c 1}, 
since ] xC I ~ Ro+, I Be I is also a nonnegative fuzzy number. 
EXAMPLE. Assume B = "near 5" = {e-a(~-5?/x}. Let c = 2, then 
"near 54''~ = {e-3(~-5?/x~}, which is near 25. 
I f  we again assume B is a nonnegative fuzzy number but let C be a fuzzy 
number using the extension principle we can define [ B c ]. I f  
and 
t C(Y) t, C = ( - -~-  yER,  
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then 
]BC '= l B(x) ^  C(y) I" 
Since x E R0+ and y E R then x v ~ Ro+ and t Bc i is a nonnegative fuzzy number. 
A particularly important situation occurs when we take b c where c = ½, 
that is, we take the square root of a number. First if b is nonnegative then 
b 1/2 = ~z] bl/2] 
I f  b is a negative number, then bl/2 = ~ i  ](--b)l/21, where i is the imaginary 
number, --  11/2. 
Assume B is a fuzzy number, B = {B(x)/x}, x ~ R. Then 
B1/2 = t~ I xl/Z ]B(x) )~ U I ---I -x~ZzB(x) ] l over all x ~ R. 
This follows from the extension principle. 
V. FuzzY QUADRATIC EQUATIONS 
DEFINITION 1. A fuzzy mathematical equation 
(x 2 + bx) (B) (c), 
where b, c E R and B is a fuzzy mathematical relationship, is called a fuzzy 
quadratic equation. 
We shall solve fuzzy quadratic equations by using a methodology based 
upon the completing of the squares: Given 
(x 2 + bx) (B) (c), 
from our Theorem 7, we get 
(x~ + bx + (b/2) 2) B' (c + (b/2)2), 
where B'  = B + (b/2) ~. Since 
,~ + bx + (6/2)2 = (x + 6/2) 2 
we get (x + b/2) 2 B' (c + (6/2)2). I f  we let 
y = (x + b/2) 2 and C' = (x + b/2) 2, 
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and we note that C' ~ R, then we get 
yB 'C ' .  
We can solve this fuzzy mathematical equation for y in the manner described 
in Section I I I .  Solving this we would get 
yzc~ 
where c is some fuzzy number. Since 
y = (x + b/2) 2 we get c = (x if- b/2) 2 
Taking the square root of both sides we get 
Finally we get 
or  
x + b/2 = ~] c l 1/2, 
x = --b/2 q- [e [1/2 
x = {--b/2 + [ c 11/2} ~d {--b/2 - -  i c I1/2}. 
Let (x 2 q- 6x) (approx) (--8), where 
for (y , z )~R 2. 
Solving we get 
y approx equal 1. 
Y~ t 
a fuzzy number, 
and then 
EXAMPLE. 
e-(Y-z)~ t
approx = (~- t  
Since approx has membership function s.t. 
approx(y, z) = approx(l y --  z [) 
then approx is additive indifferent. Therefore adding 9 to our equation we get 
x 2 q- 6x q- 9 approx 1. 
Completing the squares we get (x q- 3) 2 approx 1. Solving we get 
y = (x + 3) 2 
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(x + 3)2 l e-(~l)~ I 
Taking the square root we get 
t e-(Z-1)2 ~ 
(x+3)=:k~ zll~ ), 
therefore 
~e -(z-1)~ 
X 1 + 3 = (~},  
xl = -3  + ( z-~Tv-}'  
~e -(z'--1)2 
x~+3 = { __zl/2 j, 
t x 2 = --3 q- (--~-~5~)" 
Using fuzzy arithmetic (Mizumoto and Tanaka, 1976), we get 
X I= 1__3@zl/2 ), X2 = I.__~----~1/2 }" 
We note that 
and 
X1 ="approx- -2"  
X2 = "approx -- 4". 
VI. ]~QUATIONAL MODIFICATIONS 
Zadeh in a number of papers Zadeh (1975, 1977, 1978); Bellman and Zadeh 
1977) has introduced the concept of modification of a fuzzy proposition. In 
this section we shall relate these ideas to fuzzy equations. 
A fuzzy proposition is a statement of the form. 
X is F or X = F, 
where F is a fuzzy subset over some set U and X is a variable or an implied 
attribute. That is, a fuzzy proposition assigns ome fuzzy value to a variable. 
A mathematical relationship involving some unknown X is an implicit fuzzy 
proposition. This is so in the sense that if we have 
f l(X) A f2(X), 
we can solve this relationship for the implied value of X. That is, 
fl(_X-) A f~(X) implies X = F, for F some fuzzy subset of R. 
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Therefore operations defineable on fuzzy propositions are also definable on 
fuzzy mathematical equations. 
Zadeh (1977) proposes the operation of truth modification of a fuzzy propo- 
sition as described below; we apply this to fuzzy equations. 
A linguistic truth variable r, is a fuzzy subset of unit interval. Examples of 
truth values would be true, false, very true, etc. 
Assume we have some fuzzy proposition 
X is F, where F is a fuzzy subset of U, 
F: u ~ [0, 1], 
F(u) = a ~ [0, 1]. 
We can modify this proposition by a truth value r as follows, 
X i sF  is ~. 
Examples of this would be 
John is tall is false, 
The temperature is high is very true. 
Zadeh (1977) proposes that if we have a statement of the form 
X is F is r, 
we can modify it to a statement 
X is F*, 
where F* is also a fuzzy subset of U, where the membership function of F* is 
defined as F*(u) = r(F(u)). 
We shall apply this idea to fuzzy mathematical equations. Thus if we have 
a fuzzy mathematical relationship (fl(X)) A (f~(X)) we can apply truth modi- 
fication to this as follows: (fa(X)) A (f2(X)) is r. 
For example, 3X + 2 is close to 9 is very true. Since f l (X)  A f~(X) implies 
some solution, X is B, where B is a fuzzy number, we get (X is B) is r and 
therefore we get X is B*. 
EXAMPLE. Assume we have 
where 
(x + 3) approx (5) is very true, 
e-4(w-z)U 
appr= = l <o,o> I"
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Since approx is additive indifferent 
x approx 2, 
= l eS -- ' } 
I f  we define 
for all z ~ R. 
therefore 
where 
Very true = {w~/w}, w e (0, 1), 
(x -~ 3) approx 5 is very true 
X is approx 2 is very true, 
X ~.  F ~ , 
F*(z) = r(F(z)), 
F*(z) = r(e-a¢2-~)2), 
F*(z) = e -(4(2-z)2)~ = e -16(2-~)4. 
We could use linguistic approximation and say that (X + 3 approx 5) is very 
true implies that X is very close to 2. 
The usefulness of the concept of equational modification becomes apparent 
when we are involved in fuzzy model building. Yager (1977, 1978) has suggested 
a technique in which one can use fuzzy data to build a model. The models are 
specified including their veritability. Thus one gets a statement like 
M is very true, 
where M is some model. We then can use the equational modifications to evaluate 
a model for particular values of the variables. 
VI I .  Fuzzy  TERMS IN EQUATIONS 
In this section we shall consider the situation where the mathematical terms 
in our relationships are themselves fuzzy. 
Recalling our definition of a fuzzy number as a subset over the set R, of reals, 
the arithmetic operations addition, subtraction, multiplication, and division 
have been extended to operate on fuzzy numbers (Zadeh 1976; Yager 1978; 
Mizumoto and Tanaka, 1976). Assume _// and B are two fuzzy numbers. 
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A + B is also a fuzzy number,  C, whose membership function C(z) is 
= t A(x-)AB(y)t over allx, y~R C t ~ J + y  
or equivalently 
C(z) = max[A(x) A (B(y)] over all x, y s.t. x @ y = z. 
A - -  B is a fuzzy number,  C, whose membership is
C= I A(x) A B(y) I 
xZy  over all x,y eR 
or equivalently 
C(z) = max[A(x) A B(y)] 
A × B = C, where 
C = lA(X)x:yA B(y) I 
or equivalently 
C(z) = max[A(x) A B(y)] 
A - -  B= C, where 
C = t-A(x) A B(y) 
x-  I { 
or equivalently 
over all x, y s.t. x - -  y = z. 
over all x, y e R 
over all x, y s.t. x • y = z. 
over all x, y ~ R 
6431411~-4 
DEFINITION 1. A fuzzy mathematical term is a collection of fuzzy numbers  
(or symbols representing fuzzy numbers)  combined via the arithmetic 
operations to form another fuzzy number.  : ' 
It  should be noted that any ordinary number  is expressible as a fuzzy number.  
Therefore {8} = {½}. It can be shown (Mizumoto and Tanaka, 1976) that 
addition and multipl ication between fuzzy numbers  are both communtative 
and associative. Furthermore, if A is a fuzzy number,  then A @ 0 ~ A and 
A × 1 = A, where 1 and 0 are one and zero in the ordinary sense. 
C(z) = max[A(x) A B( y)] over all x, y s.t. x - -  y = z. 
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EXAMPLE. 
"Near 7" - / "a lmost  2" 
"much greater than 25" " 
We define complete and incomplete fuzzy mathematical terms in the same 
manner as we defined them for ordinary mathematical terms. A term is complete 
if it contains no unknown symbols otherwise it is incomplete. It should be noted 
that i f f  is a complete fuzzy mathematical term it can be evaluated, using the rules 
oi fuzzy arithmetic, to yield a fuzzy number. 
Let fl and f2 be two complete fuzzy mathematical terms and A be a fuzzy 
relationship, with membership function A(x, y), for x E R, y e R. Recalling 
that A(x, y) indicates the degree to which any two ordinary numbers atisiy the 
relationship A, we may ask to what degree do the two fuzzy numbers fl and f~ 
satisfy A. That is, what is A(f 1 , f~). Since fl and f~ are fuzzy subsets of R we 
can use the extension principle to evaluate A(f l ,  f2). We obtain A(f l ,  f2) = 
{(fl(x) ^  f~( y)/A(x, y)} over all x, y E R, where f l(x) and f2(Y) are the member- 
ship functions of fl and f2, respectively. It should be noted that A(f l ,  f~), the 
degree to which fl and f2 satisfy A, is a fuzzy subset of the unit interval. 
EXAMPLE. 
A(x, y) = e-a~ ~-~:, x > y, 
A(x, y) = O, x ~ y, 
f, = "near 500"= If1(x) I 
{ x )' 
f2 = "near 0" ~I=(Y)~ 
Assume that A is "much greater than," defined by 
where fl(x) = e -(5°°-x)2, 
where f2(x) = e -y2' 
I = (f l ,  f2) = degree to which "near 500" is much greater than "near zero." 
I e -(5°°-x: ^  e - :  f I = e_(1/~_7); - ,  x > y, (4) 
I e-lSOO-x)~ ^ e-Y~ 1 
1 ---- 0 ' Y >~ x, (5) 
if we let x - -  y = a ~ 0, then (4) becomes 
I e-(5°°-x)2 ^ e-~a-x# t 
I = 717a ~- ) for all x ~ R and a > 0. 
As can be shown (Bass and Kwakernaak, 1977) that Max Min[fl(x),f~(y)] 
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occurs whenf~(x) = f~(y), therefore for any a > 0, we get (500 --  x) = (a --  x) 
and therefore e- l /~ assumes the maximum value when x = (a + 500)/2. So 
e-(250-a/2)2 
for a l la  >0,  
which is a fuzzy subset of [0, 1]. 
I f  f l ,  and f2 are incomplete fuzzy mathematical terms, involving unknowns 
and A is a fuzzy relationship, then, for a statement fa A f2 the problem is 
to find which values of the unknowns make the relationship hold. Using the 
extension principle we can define the operations A + a and aA where a is a 
fuzzy number and A a fuzzy relationship. 
DEFINITION. Assume A is a fuzzy mathematical relationship and assume a 
is a fuzzy number 
l "/l(x'Y)^f(z) t for allx, y,z~R, .a + .  = ((x + z), 
I A(x'Y)^f(z) I forallx, y, zER, 
a" A = ((x "z), (3' "z)) 
where A(x, y) is the membership function of A, a fuzzy subset of R 2 and f(z) 
is the membership function of a, a fuzzy subset of R. Similar to the previous 
sections if fl A fz then 
(f~ + a)(A + a)(f2 + a) 
and 
(afl)(aA)(af2), 
where a is a fuzzy number. 
Before we can use this to develop a solution methodology we must investigate 
the implications of a result of Mizumoto and Tanaka (1976) in which they 
prove the following theorem. 
For any fuzzy number a, there exists no inverse fuzzy numbers a'  and a" 
under + and × such that 
a + a' = 0, 
a.at r  = 1. 
Thus this implies, in general that for ( - -a)  and 1/a 
a + ( - -a)  =#0, 
a" 1/a @ 1. 
The implication of this result can be best seen in the following simple example 
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EXAMPLE. (a) 
isolating the X, 
(b) 
if  we define 
then 
however 
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X + 3 = 5. The usual procedure for solving this involves 
X=5- -3 ,  
X- - - -2.  
X + "near 3" = 5, 
X -{- "near 3" - -  "near 3" = 5 - -  "near 3," 
, ,near3,,_~le-(U-3)z t 
-S - - ,  
for y e R, 
5_ , ,near3 , ,  _ 5_+_ le-(V-3'2t = te-(V-a)2 t 
- -7 - - ,  = 
"near 8" q 6 R, 
x - -y  
I f  we let d=x- -y  we get 
I e-(q-8)2 t 
x ,y~R.  
,,near 3,, ,,near 3,, = l e-(U+a-a)2 ^ e-(Y-3)~ I 
• ~d- " 
Using the result of Baas and Kwakernaak (1977) 
Max[e-(V+a-a)2 ^ e-(U-z)2] 
occurs when 
and therefore 
concluding then 
e-(y+a-3)~ = e-(Y-3)2 
y = 3 -- d/2 
--"oear  I"SI d~R,  
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which is = "very near zero." Therefore, proceeding we get 
X q- "near 3" --  "near 3" = "near 8," 
X q- "near zero" = "near 8." 
However, the important implications is that we cannot isolate the x alone. 
That is if ax -]- b = d, where a and b are fuzzy numbers, there exists no a' 
and b' s.t. 
d- -b '  
a' 
This poses a difficulty in solving fuzzy equations involving fuzzy terms. 
As a first step in solving equations with fuzzy mathematical terms we 
shall present a procedure for solving a simple equation with fuzzy numbers. 
Consider the equation 
ax+b =c,  
where a and b and possibly c are fuzzy numbers, and we are interested in_ 
finding x. 
(1) Add (--b) to both sides and divide both sides by 1/a giving us a 
new equation. 
a'x + b' = c', 
where a' is close to 1 and b' is close to 0. 
(2) Le ty  = c'. 
(3) State a relationship which you want to exist between x and y. For 
example, "x is very close to y," "x is approximately y," etc. This relationship 
will constitute the solution in the sense that this is the type of statement you 
can make with respect o x. Let A be the fuzzy subset of R 2 which represents 
the desired fuzzy relationship between x and y. 
(4) From 2 we havey  =c '  and from 3 we have hypothesized xAy .  
Using the rules of inference from fuzzy logic (Bellman and Zadeh, 1977), we 
can solve for X. Recalling that the modens ponen rule in fuzzy logic, which 
in this case is, 
ea y isF, 
P2 y and x are H, 
where F is a fuzzy subset of R and H is a fuzzy subset of R 2 then this implies 
X i s  K, 
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where K is a fuzzy subset of R defined as 
K =Fo i l ,  
K(v) = Mvax(F(u ) ^ A(u, v)). 
This gives us x as a fuzzy number under the hypothesis that y and x are A. 
(5) I f  x = K, then from the equation 
y =a 'x+b'  
substituting K for x we can find the implied value fory, D. That is D = a'K + b. 
Thus we have shown that the hypothesized statement x A y implies y = D. 
(6) To verify the truthfulness of our hypothesis we can use the idea 
of compability between two fuzzy propositions (Bellman and Zadeh, 1977). 
Assume we have two fuzzy propositions. 
P1 is Y is C', 
P~ is Y isD,  
where C' and D are two fuzzy subsets of R. I f  we consider P1 to be our reference 
proposition, then we can determine the truthfulness of P2 in light of P1, where 
19 2 is a surrogate for our hypothesis that x A y. Thus the fuzzy subset of the 
unit interval, r, 
t C(r) t for all r ~ R, r = ( D(r) J 
indicates the degree of truthfulness or validity of our hypothesis that x A y 
under the assumption that ax + b = c. r is a linguistic value of truth. I f  one 
is not satisfied with the value of r then we can modify A to A' and return to 
step (3). Or perhaps proceed with some more algebra: in step (1) to make a' 
and b' closer to 1 and zero, respectively. 
EXAMPLE. 
(3) 
I f  we use the preceding example, 
x + "near zero" = "near 8," 
"near 8" t e-(a-s)2 ~ 
"near 0" f e-(a/2~* 
Let us assume that x is "near 8," where 
t e-,U-~,~ t 
A t~-}  = "'near." 
d~R.  
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(4) y = (e-(~-8?/u}, x is K where, K(v) - - - -Max~[y(u)A A(u, v)] = 
Max[e -(~-8)~ ^  e-(~-~)~]. Th is  occurs when 
e -(~-8)~ = e -(~-~)~ ~ (u - 8) 2 = (u - v)  ~ ~ u = (8 + v)/2 
Therefore K = {e-(~/2-4)2/v} = x 
(5) D = x + "near  zero" = K -7 "near  zero," 
D . . . .  + , 
V 
( e -(e/2-4)2 A e -(~/2)~ } 
O = ~ ! 
letting u + v = l 
D = le-(V/=-4)~ le-((~-v}/m~ I for all I, v ~ R. 
Grade occurs when e-(V/z-a? = e-((t-v)/2)2 =~ (v/2 - -  8/2) 2 = ((v - -  l)[2) z =~ 
v = (8 + l)/2, therefore 
n~- - -  - -  
(6) /)1 : Y is {e-(U-S}~/u}, P2 : Y = {e-(U/4-s)2/u}, u ~ R, therefore 
I e-(~-8'2 1 r -~ e -(u/4-8)2 , u ~R.  
This  would indicate the validty of the hypothesis x is approx "near  8." An 
alternative approach would be to assume some reasonable value for x and see how 
well it satisfies the equation. For  example, if we assumed that our model  has 
as a solution x ---- 8 let us see how valid this would be 
x -1- "near  zero" = "near  8," 
let we let X = 8 = {1} then, 
D ---- {~} + "near  zero"  = ~-~T1 
P I :  Y is "near  eight," 
e-((u-s)/2)~ I . - -  . } 
U 
e- ( (u -8 ) /2 )  2 
u~R 
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Then using the ideas of compability we let 
~" e_((u_8)/2)~ ~ e-V2~4 }' 
veR.  
This indicates the validity of the solution, x = 8. 
The question of which assumption is more truthful gets us into the area 
comparison of fuzzy subsets of type 2 a topic we are not prepared to deal with 
in this paper. 
Using this methodology, we can now solve incomplete fuzzy equations 
involving fuzzy terms. Assume B is a fuzzy relationship in R ~, and fl and f2 
are fuzzy mathematical terms, where X is some unknown term and 
~Bf~. 
We could then add and multiply across B to obtain a new relationship 
(aX -~- b) B' Q. 
we could then let aX + b -~ Y, 
YB 'Q .  
Since B' is a fuzzy relationship in R × R and Q is a fuzzy number we could 
solve this for Y. Y = B'Q ---- C, where C is a fuzzy number. We are left with 
the simple equation involving fuzzy numbers, 
a 'X+b= Y----C. 
This equation can be used to give "a solution" for x in the manner just presented. 
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